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Abstract - The development of a statistical description
of the signal-to-interference ratio (SIR) for AM broad-
cast groundwave and skywave signals in the presence of
multiple skywave interference signals is presented. The
analysis assumes that the interfering signal envelope am-
plitudes are Rayleigh-distributed random variables with
a lognormal distribution used to describe the long-term
variations of the sum envelope amplitude. The resulting
statistical description is used to evaluate the SIR degra-
dation for a number of “interference exclusion” formulas
under consideration for frequency allocation purposes.

1.0 INTRODUCTION

Describing the statistics of the signal-to-interference ra-
tio (SIR) of AM broadcast groundwave signals in the pres-
ence of multiple skywave interfering signals is important to
understanding the reception and coverage possibilities of an
AM broadcast station. Previously, the SIR has been calcu-
lated assuming the skywave fields were static; that is, not
varying with time. With a constant desired groundwave sig-
nal amplitude, the resulting SIR was also a constant quan-
tity.

It is the intent of this paper to consider the statistical
variations of the combined skywave signals and to develop
a statistical description of the SIR. This description is in
the form of a probability density function (pdf) and asso-
ciated cumulative distribution function (cdf). The cdf can
be directly used to determine the percent time for which a
given SIR is exceeded.

Following the analysis for a constant amplitude desired
groundwave signal, the method will be extended for the case
when the desired signal is a time-varying skywave signal.

2.0 SKYWAVE SIGNAL AMPLITUDE STATISTICS

AM broadcast skywave signals propagate primarily dur-
ing nighttime hours by means of electromagnetic energy
radiated from the transmitting antenna reflecting off the
ionosphere and returning to earth at some distance from
the transmitting antenna. AM broadcast signals reflect off
both the E layer of the ionosphere at about 100 km above

the earth and from the F layer at about 220 km above the
earth. In North America, the dominant skywave propaga-
tion mechanism is via the E layer with an average altitude
taken to be 100 km [1].

The amplitude of a skywave signal as received on earth
varies primarily due to two mechanisms - the changing alti-
tude and charged particle density in the reflecting layer and
the fact that the skywave signal as received is actually the
composite sum of several signals reflecting from different
parts of the reflecting layer. The amplitude of each con-
stituent part of the signal varies in amplitude and phase
due to the changing layer characteristics. It can be shown
[2] that with as few as six such reflecting signals, the ampli-
tude variation of the sum is a gaussian-distributed random
variable while the phase (relative to some arbitrary fxed
reference) is a uniformly-distributed random variable.

For a signal with a gaussian-distributed total amplitude,
the probability distribution of the envelope of that signal
is Rayleigh-distributed. As the signal amplitude varies,
the received signal appears to “fade” in and out, being
louder and less noisy at times and weaker and more noisy
at other times. Since the amplitude variation is Rayleigh-
distributed, the term “Rayleigh-fading” has been used to
describe this effect. The nature of the amplitude distribu-
tion of the skywave signal has been confirmed by measure-
ments [3].

The pdf for the random variable v with a Rayleigh dis-
tribution is given by

polo) = 5 oxp 3] )

The corresponding cdf is given by

2

R = 1-ewn| 1o 2)

The voltage amplitude which is exceeded 50 percent of
the time (inedian) can be readily found by integrating the
pdf as follows:
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0.5 = / " o (v) dv = exp [_20_22] (3)

which yields a median value of 1.1770. Similarly, the

voltage exceeded 10 percent of the time is:

01— / ” by (v) dv (4)

This gives a 10 percent time voltage of 2.1460.

From this it is apparent that the voltage exceeded 10
percent of the time for a Rayleigh distribution is always
about 5.2 dB higher than the median voltage. I the 10
percent time voltage is known or calculated using propa-
gation curves, it can be used to find ¢ and thereby fully
describe the distribution.

While measurements show that the short term (within
an hour) variations in the signal envelope amplitude are
Rayleigh-distributed, measurements taken over a longer pe-
riod of time (from days to months) show a statistical vari-
ation in the median received field strength which is more
closely described by a lognormal distribution [3,4].

The lognormal pdf is given by

p(0) = — s | 22 ®)

where @ is the mean value. The lognormal cdf is given

by

Py (v) = %[1 +erf<("‘0%‘-’—)>] ()

where erf is the error function.

As shown above, the 10 percent time voltage for the
Rayleigh distribution is only 5.2 dB above the median value.
However, it is common in currently employed skywave field
strength prediction methods to set the 10 percent time value
at 8 dB [5] or 10 dB [1] above the median value, indicating
that the lognormal distribution is the appropriate choice
to describe the long term variations in the skywave signal
strength.

3.0 COMPUTATION OF THE COMPCSITE
INTERFERENCE PDF

In most situations, the total skywave interference at a
given point in a station’s coverage area is the sum of sev-
eral co-channel interfering signals arriving from different
stations with different power levels and transmitting an-
tenna characteristics. Typically, the interfering signal from
each is computed using the 10 percent time amplitude FCC
propagation curves, and taking into account the interfering
station’s radiated power and antenna radiation character-
istics at the appropriate vertical departure angle which re-

sults in an ionospheric reflection at the given point in the
desired station’s coverage area.

The total power in the composite interfering signal is
the sum of the power of the contributing interfering signals.
This power is given by the envelope voltage squared divided
by the receiver input impedance. As shown above, for each
interferer the 10 percent voltage can be used to find o?
which is then an indication of the power contributed by
that interferer.

The problem of adding up the interfering signals can
be easily solved by recognizing that each interfering enve-
lope voltage can be resolved into quadrature voltage com-
ponents, each of which is a gaussian random variable (r.v.).
The gaussian quadrature components of all the interferers
can then be added to yield a composite gaussian r.v. with
o? of the sum equal to the sum of the constituent o2 from
each interferer and with a mean value equal to the sum of
the mean values. If N{(q,0?) is used to indicate a normal or
gaussian-distributed r.v., then the distribution of the sum
of any M gaussian r.v.’s is given by:

v Som, 3 o] (7

m=1 m=1

Since all of the skywave signals have zero mean values
(i.e., no d.c. component), the sum of the mean values a,, in
(7) is zero.

Each of the individual o2, can be found from the pre-
dicted 10 percent time voltage as described above. By sum-
ming the o2 for both quadrature components, the quadra-
ture components can then be used to find the Rayleigh dis-
tribution of the composite envelope voltage with

b= om (8)

m=1

This composite 02 can now be used to find the median
value of the Rayleigh distribution which describes the to-
tal interference; that is, median = 1.1770r. This median
value is then used for a in the lognormal distribution pdf
equation given in (5). The standard deviation of the log-
normal distribution as indicated by o in (5) can be set to
correspond to 8 or 10 dB as found in 5] or {1]. For FCC
purposes, the upper decile value is 8 dB above the median,
which corresponds to ¢ = .72 in equation (5).

The value of ¢ in the lognormal distribution given above
produces the appropriate distribution when the voltage lev-
els are around 1 mV/m or less. At higher voltage levels, the
distribution is somewhat skewed.

It is recognized that this transition from the Rayleigh
distribution to the lognormal distribution is a simplified,
ad hoc approach. This ad hoc approach is not incorrect,



however, because the empirical data on skywave amplitudes
generally falls between a Rayleigh distribution and a lognor-
mal distribution. In other words, the distribution of ampli-
tudes cannot be strictly characterized as Rayleigh or lognor-
mal using some statistical-physical model of the ionospheric
reflection mechanism. The distributions are approximate,
empirical models which represent a reasonable match to the
data. However, a more refined analysis of the interdepen-
dence of the two distributions can be done. This analysis is
presented in the next section.

4.0 CONDITIONAL DISTRIBUTION OF RAYLEIGH
SKYWAVE SIGNAL AMPLITUDES

In [4], the skywave amplitude is described as being
Rayleigh-distributed over short periods (hours) with the
median hourly value of this Rayleigh distribution itself a
random variable (over long periods) with a lognormal dis-
tribution. The envelope .oltage at any time, then, is a
conditional Rayleigh probability density function which de-
pends on lognormally-distributed median values.

If pv(v) represents the pdf over all time, then py(vlz)
represents the conditional pdf with median value z where 2
is a lognormally-distributed r.v. For a Rayleigh-distributed
r.v., the median is proportional to the standard deviation
(z = 1.1770), so that one can write

P [Z(z/_lfmz] ()

Our objective is the unconditional pdf py (v) which is
given by

pv (v]2) = (2/1.”177)2 x

Py (v) = / ” pv(ol2) pale) dz (10)

where pz(2) is a lognormal pdf. Substituting the appro-
priate pdf’s into {10) yields

pv (v} = /(‘)°° (/1. 177)2 exP[z (2/1.177)2 ]
\/%Ea_exp[ (1“2202 a) ] dz (11)

Rearranging terms results in

* 1.385v2 —v?
pv(v) =

L +—(lnz—a)2] i

2(2/1.177)2 202
(12)

This somewhat cumbersome integral can be solved nu-
merically to find the unconditional pdf for v over all time.
The mean value of the lognormal distribution given by a in
(12) would be found from the average of the hourly median
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values over a long period of time. As before, the value of
o can be chosen so that the voltage exceeded 10 percent of
the time approximately matches the data.

5.0 COMPUTATION OF THE PDF FOR THE
SIGNAL-TO-INTERFERENCE RATIO

The pdf for the SIR can be found by first converting the
lognormal pdf from (5) in volts to a pdf in dBmW and doing
the corresponding process for the desired signal amplitude
in volts. The pdf of the SIR in dB is then found by sub-
tracting the interference pdf in dBmW from the signal pdf
in dBmW.

The signal amplitude in dBmW and the interference am-
plitude in dBmW are both random variables so that the SIR
is also a random variable. The pdf of the sum (or differ-
ence) of two 1.v.’s is given by the convolution of the pdf’s,
as follows:

pz(2) = px(z) * py (~y) (13)

For this case, z represents the SIR, = represents the de-
sired signal level in dBmW, and y represents the interference
level in dBmW.

The process of converting the envelope voltage pdf in
volts (or mV/m) to dBmW across 1 ohm starts with the
relationship:

S = 20log(mV) —~ 30 dBmW (14)

where § is power and mV is the voltage in millivolts. If
the relationship between two quantities is known, the pdf
for one can be found in terms of the pdf for the other using
the following relationship:

ps(s) = pv(v) g_v

(15)

Starting with (14) and performing the operations indi-
cated by (15), the resulting pdf for the power s in dBmW
is

, ] 1n 10
ps(s) = pv(lO(( +30)/10)) 10((2+30)/10) %b_ (16)

The pdf for py (v) is given by (5). To find ps(s), it is a
matter of substituting the argument

10((s+30)/10)
into equation (5) for v, and multiplying in the other com-

ponents of (16), to arrive at the final equation for the pdf
of s in dBmW.






